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o Acuan

o Chapra, S.C., Canale R.P., 1990, Numerical Methods for Engineers,
2nd Ed., McGraw-Hill Book Co., New York.

m Chapter 7, 8,dan 9, hilm. 201-290.



Sistem Persamaan Linear
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o Serangkaian n persamaan linear

A11X1 t AeaXp + -+ QupXp = €1 7 Sejumlah n persamaan linear
Az1X1 + ApXp + -+ AopXy ini harus diselesaikan secara
simultan untuk mendapatkan
X1,X2, .-, Xp Yang memenuhi
tiap persamaan dalam sistem
persamaanini.
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Metode Penyelesaian
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Jumlah pers. sedikit, n < Jumlah pers. banyak, n >

o Penyelesaian o Penyelesaian langsung
o Eliminasi Gauss

o Grafis
o Gauss-Jordan
a Cramer o Dekomposisi LU
o Eliminasi o Inversi matriks
o lteratif
o Jacobi

o Gauss-Seidel
uo Successive Over Relaxation



Metode Grafis
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Metode Grafis
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X berimpit X

> X4 > X4 > X4
ill-conditioned system singular system singular system




Metode Cramer

o Variabel tak diketahui, x;, merupakan perbandingan dua determinan
matriks

o Penyebut determinan, D, matriks koefisien sistem persamaan

o Pembilang determinan matriks koefisien sistem persamaan seperti
penyebut, namun koefisien kolom ke-/ diganti dengan koefisien c¢;

o Contoh
o 3 persamaanlinear aq1xq + aq2x, + a;3x3 = ¢4
A21X1 + A2Xy + A3X3 =
A31X1 + A32X; + A33X3 = C3

|
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Metode Cramer
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aij; A1 Aag3 aij; Qi Qg3
[A] = A =|G21 Q2 ay3 D =detA =021 az; a3
az; daszy dszs az1 dzz dz3
¢1 Q12 Qi3 aj;; ¢ ags aj; QA2 G
Cy Qpp AaAp3 a1 C dz3 a1 QA G
163 d4zz Aa4sz3 1431 C3 dQ4z3 1431 Q43 C3
x1 = xz = x3 =
D D D



Determinan Matriks
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2 Matriks bujur sangkarn x n

o Mencari determinan matriks

o Hitungan manual

o MSExcel, dengan fungsi =MDETERM()

2 Contoh hitungan determinan matriks 2x2 dan 3x3

aij; Qi Qg3

ai1 Qg2 o
[A] = A = Qi Gy [B] = B =|Qz21 Qzz Q3
31 A3y AQAsz3




Determinan Matriks
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D—detA—|a11 a12|—a a>» — A1-0a
Ay, Ay 11422 12421
a1 4qp Qg3
D = det B a a a a |a22 a23| a |a21 a23| a |az1 a22|
= = |d21 22 23| = —
Hlas, ass 121az; asz Blaz; as;

az; dzz Az3

= ay1(az2a33 — A3a33) — a13(az1a33 — Az3a31) + a13(az1a3; — ax20a31)



Metode Cramer
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o Contoh: 3 persamaan linear

A-X=C

3 —01 -0.2](* 7.85
0.1 7 —0.3|y¥2¢ =1—19.3

0.3 —0.2 10 1\x3 71.4

0.1x1 + 7x2 — 0.3x3 = —19.3
0.3x1 — O.sz + 10x3 =714

detA = 3{7 x 10 — (=0.3) X (—0.2)} + 0.1{0.1 X 10 — (—=0.3) x 0.3} — 0.2{0.1 x (—0.2) — 7 X 0.3}
detA = 210.353



Metode Cramer
12 [ nhtipsu//istiarto.staff.ugm.ac.id

785 —-0.1 -0.2 3 7.85 —0.2 3 —-0.1 7.85
A, =|—-19.3 7 —0.3 A, =101 -19.3 -0.3 A; =10.1 7 —19.3
714 —-0.2 10 0.3 714 10 0.3 —-02 714
B det A, B 631.058 _ 5
1= qetA 210353 detA, —525.8825
Xy = = = —2.5

~ detA  210.353

_ detA; 1472471
~ detA  210.353

X3



Metode Eliminasi
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o Contoh: 2 persamaan linear

A11X1 + Q12X =1 = Az1(A11X1 + A% = €1) = Ap1091X1 + A21012X; = Ap1Cq
Ap1X1 + AppX; = C; = a11(Ap1X1 + A%y =€) = A11021X%1 + A11022X; = A11C;

A21A12X2 — A110A22Xy = Az1C1 — A11C2

az1€1 — A11C2

xz =
Az1012 — Q110722

. = €1 —Qu2X2 €1 Quzf Q2161 — Q1102
L= — _
a1 i1 Aq1 \A21412 — A110Q722




Eliminasi Gauss
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0 Strategi
o Forward elimination
o Back substitution

o Contoh

0o 3 persamaanlinear aq;x; + a;,x, + a;3x3 =¢; (1)
Ay1X1 + QX + Ax3x3 = ¢ (2)
a31X1 + Q33X + azzxz3 = c3  (3)



Eliminasi Gauss
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0 Forward elimination #1

o Hilangkan x, dari pers. kedua dan ketiga dengan operasi perkalian koefisien
dan pengurangan terhadap pers. pertama.

ot fici mN\ pivot equation
pivot coefficie [

[(an 1t Q12X + Ag3X3 = Cl] ay1X1 + aq2%; + a;zx3 =c¢; (1)
/ / o /
dzq dzq _ azy Azp%; + Az3x3 = ¢ (2')
Az —— Q12 | X2t | Q3 ——— Q13 | X3 =C2 ——(
aiq aiq aiq
asq asq asq ’ ’ o ’
Aay ———— Q1o | Xy + | Qe ——— @42 | X2 = 2 ———¢C A32X; + az3x3 = c3  (3')
32 12 | X2 33 13 | X3 3 1
a1 aiq aiq



Eliminasi Gauss
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o Forward elimination #2

o Hilangkan x, dari pers. ketiga dengan operasi perkalian koefisien dan
pengurangan terhadap pers. kedua.

pivot coefficie pivot equation
A11X1 + 12Xy + A13X3 = € ay1X1 + aq2%; + a;zx3 =c¢; (1)
’ / ’ / / o /
[ (azz 2 T a3X3 = (3 } Ag2Xz + Gz3x3 = ¢ (2)
—
a: a’
’ 32 o 32 17 o 17
A33 — Q3 | X3 = C3 ———C3 azsxs =cz (3")
az, az;




Eliminasi Gauss
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0 Back substitution

o Hitung x, dari pers. (3"), hitung x, dari pers. (2’), dan x, dari pers. (1)

144 14 4
C3 Cy — ady3X3 C1 — Qq12Xp — A13X3

—> X = > X =

4
Az, a1

X3 = 7
as3




Eliminasi Gauss
18 [ nhttpsu//istiarto.staff.ugm.ac.id

o Forward elimination 0 Back substitution
a11x1 + a12x2 + a13x3 + -4+ alnxn = Cl C# 1
A5,X5 + Ao3X3 + -+ Aoy Xy = Cp Xn = a1
az3xz + -+ agpxy = c3
i—
ciT =) a7 lx
S e T S S
i

n-—1 — ~n—1
ann xn_cn




Eliminasi Gauss
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o Contoh: 3 persamaan linear

(3) 0.3x; — 0.2%, + 10x; = 71.4



Eliminasi Gauss

m https://istiarto.staff.ugm.ac.id
o Forward elimination
o Eliminasix, dari Pers. 2 dan 3, Pers. 1 sebagai pivot

(2") 0Ox; +7.0033x, — 0.2933x3 = —19.5617
(3") 0x, — 0.19x, + 10.02x; = 70.615

o Eliminasix, dari Pers. 3, Pers. 2 sebagai pivot
(1) 3x;—0.1x, —0.2x3 = 7.85
(2") 0xq4 +7.0033x, —0.2933x3 = —19.5617
(3") 0x; +0x, +10.0120x3 = 70.0843



Eliminasi Gauss
21 [ nhtipsu//istiarto.staff.ugm.ac.id

0 Back substitution
o Menghitung x; dari Pers. 3"

70.0843
=Too1z0 /
0 Substitusi x; ke Pers. 2" untuk menghitung x,
—19.5617 + 0.2933 X 7
2= 7.0033 -

0 Substitusi x; dan x, ke Pers. 1 untuk menghitung x,

7854+ 0.2x 7+ 0.1 x (—2.5)
X1 = 3 =3

X3




Metode Eliminasi
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0 Strategi
o Eliminasivariabel tak diketahui, x;,, dengan penggabungan dua persamaan.

o Hasil eliminasi adalah satu persamaan yang dapat diselesaikan untuk
mendapatkan satu variabel x,.



Kelemahan Metode Eliminasi
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o Pembagian dengan nol
o Pivot coefficient sama dengan nol ataupun sangat kecil.

o Pembagian dengan nol dapat terjadi selama proses eliminasi ataupun
substitusi.

o Round-off errors

o Selama proses eliminasi maupun substitusi, setiap langkah hitungan
bergantung pada langkah hitungan sebelumnya dan setiap kali terjadi
kesalahan; kesalahan dapat berakumulasi, terutama apabila jumlah
persamaan sangat banyak.

o lll-conditioned systems

o Illl-condition adalah situasi dimana perubahan kecil pada satu atau beberapa
koefisien berakibat perubahan yang besar pada hasil hitungan.



Perbaikan
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2 Pemilihan pivot (pivoting)

o Urutan persamaan dipilih sedemikian hingga yang menjadi pivot equation
adalah persamaan yang memberikan pivot coefficient terbesar.



Metode Gauss-Jordan
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o Mirip dengan metode eliminasi Gauss, tetapi tidak diperlukan back
substitution.
o Contoh
o 3 persamaan linear
(1) 3x; —0.1x, — 0.2x3 = 7.85
(2) 0.1xy+ 7x, —0.3x3 = —19.3



Metode Gauss-Jordan
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(3 —0.1 -0.2| 7.85 . E1 —0.0333 —0.0667|2.6167
l0.1 7 —0.3 —19.3] 0.1 7 —0.3 —19.3]
03 —-01 101 71.4 ———103) -01 10 71.4
3/3 —0.1/3 —0.2/3|7.85/3 1 —0.0333 —0.0667| 2.6167
lo.1 7 ~0.3 —19.3] [0 ~0.2933 —19.5617]
03 —0.1 10 | 71.4 0 —0.1900 10.0200! 70.6150




Metode Gauss-Jordan
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1 —-0.0333 -0.0667| 2.6167
lO 7.0033 —0.2933 —19.5617]
0 —0.1900 10.02001 70.6150
1 —0.0333 —0.0667 2.6167
(— [0/7.0033 7.0033/7.0033 —0.2933/7.0033 —19.5617/7.0033‘
0 —0.1900 10.0200 70.6150

0 —0.0419
10 (—0.1900) 10.0200

s [1 @ —0.0667
S

2.6167 [1 0 —0.0681| 2.5236
27931 = [0 1 —00419|-2.7931
70.6150] 0 0 (10.01201 70.0843




Metode Gauss-Jordan
~ 28 [ nttpsu//istiarto.staff.ugm.ac.id

0 —0.0681 2.5236
— l 1 —0.0419 —2.7931 ‘
0/10.0120 0/10.0120 10.0120/10.0120|70.0843/10.0120

—[1 0 =0.068D| 2.5236 1 0 O 3 X1 3
Fjo 1 ooty 27051 = Jo 1 ol-25| = ful -2
=10 O 1 7 0O 0 11 7 X3 7




Gauss-Jordan vs Eliminasi Gauss
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0 Metode Gauss-Jordan
o Jumlah operasilebih banyak (50%)

o Memiliki kelemahan yang sama dengan eliminasi Gauss
m Pembagian dengan nol
® Round-off error



LU decomposition
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o Gauss elimination = LU decomposition

a11 a12 a13 0 all a12 Cl13
14

az1 Ay Azs fé1 azz a3

az; a3z 033 f31 f32 azs

[A] {L} [U ]

asq as;
f§1::‘—— f%z-‘—‘



LU decomposition
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Procedure

(1) [L][U] = [4] > 0 Construct[U] —Step1
o Construct [L] —Step?2
(2) [LKD}=A{C} > o Get{D} —Step 3

3) [U1x} = (D} > . Obtain{X}  —Step4



LU decomposition
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0 Steps 1: construct [U] following Gauss elimination

I_ {all Ay a]_?J“ all aq2 a13:| lall di2 Q413
32

-z

14
a3

az1 Ay QA3 azz az3
a32

——> Q31 a3y d3z3 (133 a§’3
]
_ [U]
o Step 2: contruct [L]
az1
a1 Q12  Q13] 1 0 O f21:_a
a1 Az A3l —|fz1 1 0 all a’
31 32
a3z; dzz A33] fz1 f32 1 fa1 =—— f32 =
| a1 az;




LU decomposition
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0 Step 3:get{D} 0 Step 4: obtain {X}
[L{D} = {C} [UI{X} ={D}
1 0 0](d, c, 11 Q12 13| (X d4
fr 1 0}{d, =[Cz} 0 a3 ap {xz}= d,
fz1 fzz 1] lds3 C3 0 0 aj3|\x3 ds
azzxz = ds

di=c
1 1 _ 17
(:)x3—d3/a33

! ! —
A2X7 + Az3X3 = dy
—_ !/ !
& x; = (dy — ayzxs)/as,;
A11x, T Q12X + A3X3 = d;4
& x1 = (dy — ag2%; — ag3x3)/aqq

f21d; +dy = ¢,
S dy = ¢y — fr1dg

f31d1 + fz2dy +d3 = c3
& d3 = c3 — f31d; — f32d;



LU decomposition
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o Example

(2) O.1x1 + 7x2 — 0.3x3 = —19.3
(3) 0.3x; — 0.2x, + 10x; = 71.4

3 —-0.1 —0.2](* 7.85

[0.1 7 —0.3]{962}:{—19.3}

03 —02 10 1lxs 71.4
4] G




|

LU decomposition
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3
0.1
0.3

—0.1
7
—0.2

—0.1

10

for = a1
21 — -
a11 3

_a31_0.3_
R

. aéz . _019

f2 = a,, 7.0033

—0.2 3
—0.3] = [0 7.0033
0 -0.19

0.1

—0.2
—0.2933

10.0200.

1
= 0.0333

—0.0271

3 —0.1
=) [U] =0 7.0033
0 0
1
L] = [0.0333
0.1000

—0.2
—0.2933]
10.0120

0 0
1 0

—0.0271 1



LU decomposition
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[LI{D} = {C}

1 0 01 (d4 7.85
0.0333 1 0l<d,? =1{-19.3

0.1000 0.0271 11\{d; 71.4

0.0333d; +d, = —19.3 & d, = —19.3 — 0.0333(7.85) = —19.5617

& dy = 71.4 — 0.1(7.85) — 0.0271(—19.5617) = 70.0843



LU decomposition
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[UliX} = {D}

3 —-01 —0.2 X1 7.85
0 7.0033 —0.2933]|¢¥2¢ =1—19.5617

0 0  10.0120] (xs 70.0843
10.0120%. = 70.0843 70.0843 _
. = . = = =

3 *3 = 70.0120

—19.5617 + 0.2933(7)
7.0033 B

7.0033x, — 0.2933x3 = —19.5617 < x, =

3x1 — lez — OZX3 = 7.85

3
7.85 4+ 0.1(—2.5) + 0.2(7) _ 5 ‘ {X} = {—2.5}
3 - 7

@x1=



Matriks Inversi
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[A] - {X3} = {C} = {X} = [A]7* - {C}

a1 Q12 a13|1 0 O 1 0 0l|aii aiz ais
la21 dzz 3|0 1 0] — 0 1 O0|lay,i a;; az3
azq1 dzz Aaszz3|l0 0 1 0O 0 1141 —1 —1

az; dzz 0Q4z3



Matriks Inversi
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o Contoh: 3 persamaan linear

(3) 0.3x; — 0.2x, + 10x; = 71.4



Matriks Inversi
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(3) =01 —02[1 0 0 1 —0.0333 —0.0667/0.3333 0 0
[Al=]01 7 —03|/0 1 0 I:>[A]= 7 —-0.3 0 1 0
03 —02 1010 0 1 0.3 -0.2 10 0 0 1

1 —0.0333 —0.0667| 0.3333 0 0

[A] = |0 6@ —0.2933|-0.0333 1 0]

0 —0.1900 10.02001—-0.0999 0 1




Matriks Inversi
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1 —0.0667
0 ~0.0417
0 €0.1900) 10.0200

1 0 —0.0681] 0.3318 0.0047 0
0 1 —0.0417|-0.0047 0.1422 0
0 0 (10.01211-0.1009 0.0270 1

—0.0047 0.1422 O
—0.0999 0 1

0.3333 0 0]

[A] =




Matriks Inversi
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1 0 0.3318 0.0047 0
[A]=1]0 1 —0.0047 0.1422 0
0 0 —0.0101 0.0027 0.0999

1 0 O
0 1 O
0 0 1

—0.0052 0.1423 0.0042
—0.0101 0.0027 0.0999

0.3325 0.0049 0.0068]

[A]7*



Matriks Inversi
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X} =[A]""-{C}

(X1 [ 0.3325 0.0049 0.0068 7.85
<x2} = [—0.0052 0.1423 0.0042‘ °{—19.3}
X3 —0.0101 0.0027 0.0999 71.4
(X1 ( 3.0004

<x2} = <—2.4881}

(X3 ( 7.0002




Matriks Inversi
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2 Fungsi MS Excel untuk menghitung inversi sebuah matriks
a =MINVERSE()

2 Fungsi MS Excel untuk menghitung perkalian dua buah matriks
a =MMULT()

o Ada kemungkinan matriks tidak memiliki inversi



A11X1 T 12Xy + Aq3X3
Ap1X1 T AppXy + Ap3X3
d31X1 + A33Xy + A33X3

Metode lteratif: Jacobi

https://istiarto.staff.ugm.ac.id

. O _
x) =0 biasanyax”=0
x3 =0
0 0
1 _ €1 — QupXy — A13X3
xXi = .
11
0 0
1 _ €2 = Qz1X1 — A23X3
X; = .
22
0 0
1 63— 31Xy — d32X3
x3 ==

x; =0 nilaiawal,

iterasi diteruskan

sampai konvergen
+1 ~

XM= X", VX;

n n
C1 — Q12X — A13X3




Metode Iteratif: Jacobi
46 [ nttpsu//istiarto.staff.ugm.ac.id

o Contoh: 3 persamaan linear

(3) 0.3x; — 0.2%, + 10x; = 71.4



Metode Iteratif: Gauss-Seidel
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01— QppXy — Ag3X3 X1 = €1 — G12X7 — Q13X3

a11 11 iterasi diteruskan
G~ (p1X7 — Ap3X3 (ot = 2 Az1%1" " — Ay3%3 sampai konvergen
B a,, 2 Az XM= x", VX,
- a31x) — az,xY L 1 — az X7 —agxy
- az3 ’ az3




Successive Over-relaxation Method
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o Dalam setiap iterasi, nilai variabel terbaru (yang baru saja dihitung), x,,+1,
tidak langsung dipakai dalam iterasi selanjutnya

o Dalam iterasi selanjutnya, nilai tsb dimodifikasi dengan memasukkan
pengaruh nilai variabel lama (dalam iterasi sebelumnya), x,

X = 2+ (1 — )]

o faktor relaksasi A dimaksudkan untuk mempercepat konvergensi hitungan
(iterasi)

o under-relaxation 0<A<1
o over-relaxation 1<A<2



Successive Over-relaxation Method
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n n
_ G — QqpXy — dg13X3

LML —
! a1
ne1 €2~ azq [Ax T+ + (1 = DxF] — agsxy
xz ==
a22
TR az1[AxXTT + (1 = Dx}] — azp[Ax7 " + (1 — D7 ]
=

as3



Successive Over-relaxation Method
~ 50 [ nttps://istiarto.staff.ugm.ac.id

o Contoh: 3 persamaan linear

(3) 0.3x; — 0.2%, + 10x; = 71.4



Terima kasih
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