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▪ Definition
• A random variable is a variable whose value is unknown or a 

function that assigns values to each of an experiment’s outcomes
• A random variable is a function defined in a sample space

▪ Type
• Discrete random variables
• Continuous random variables

▪ Example
• Number of rainy days in a year → discrete random variable
• Precipitation in a year → continuous random variable
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▪ Notation
• 𝑋  → variable random
• 𝑥 → the value of a random variable

▪ Function
• A function of random variables is a random variable
• If 𝑋 is a variable random, then 𝑍 = 𝑓 𝑋  is a random variable

Random variables
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Discrete random variables
𝑋 =

= 𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑛

𝑓 𝑥1

random variables

𝑓 𝑥2

𝑓 𝑥3

𝑓 𝑥𝑛

probability = 

𝑖=1

𝑛

𝑓𝑋 𝑥𝑖 = 1
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1

discrete probability distribution

discrete cumulative 
probability distribution

probability
𝑥 ≤ 𝑥𝑖

0
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𝐹𝑋 𝑥𝑖

𝑓𝑋 𝑥𝑖

𝑥1 𝑥2 𝑥3 𝑥𝑛−1 𝑥𝑛…

𝑥1 𝑥2 𝑥3 𝑥𝑛−1 𝑥𝑛…
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distribution of a random variable 
𝑋 for 𝑋 = 𝑥

▪ Relative frequency

▪ Cumulative relative frequency

▪ Probability distribution of a 
random variable 𝑋 for 𝑋 = 𝑥

▪ Probability

𝐹𝑋 𝑥 = 

𝑥𝑖≤𝑥

𝑓 𝑥𝑖 𝑓𝑋 𝑥𝑖 = 𝐹𝑋 𝑥𝑖 − 𝐹𝑋 𝑥𝑖−1

𝑓𝑥𝑖
= 𝐹𝑥𝑖

− 𝐹𝑥𝑖−1
𝑓𝑋 𝑥𝑖 = 𝐹𝑋 𝑥𝑖 − 𝐹𝑋 𝑥𝑖−1

𝐹𝑋 𝑥 = 

𝑥𝑖≤𝑥

𝑓𝑋 𝑥𝑖𝐹𝑥𝑖
= 

𝑗=1

𝑖

𝑓𝑥𝑗



▪ Probability

▪ Thus, 𝑓𝑥𝑖
 can be read as the estimate of the probability

• 𝑓𝑥𝑖
⟶ estimate of prob 𝐴

• frequency histogram ⟶ estimate of probability distribution
• cumulative frequency ⟶ estimate of cumulative probability 

distribution
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Continuous random variables

prob 𝐴 =
𝑛𝑖

𝑛
= 𝑓𝑥𝑖

𝑛𝑖  is the number of data in the 𝑖-th class
𝑛 is the number of data

continuous random variables are 
treated as if they are discrete ones



pdf = probability density function

1

0

area =
prob 𝑎 ≤ 𝑋 ≤ 𝑏

area = 1

cdf = cumulative probability
 distribution function
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𝑃𝑋 𝑎
𝑃𝑋 𝑏

𝑃𝑋 𝑥

𝑝𝑋 𝑥

area =
prob 𝑋 ≤ 𝑏

prob 𝑎 ≤ 𝑋 ≤ 𝑏 𝑃𝑋 𝑥 =  prob 𝑋 ≤ 𝑥

𝑋

𝑋𝑎 𝑏

𝑎 𝑏



𝑝𝑋 𝑥 = probability density function of a continuous random variable

𝑃𝑋 𝑥 = cumulative probability distribution function

𝑃𝑋 𝑥 = prob 𝑋 ≤ 𝑥 𝑑𝑃𝑋 𝑥 = 𝑝𝑋 𝑥 𝑑𝑥 𝑃𝑋 𝑥 = න

−∞

𝑥

𝑝𝑋 𝑡 𝑑𝑡
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Some probability properties

(1)

(2)

(3)

(4)

(5)

(6)
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𝑝𝑋 𝑥 ≥ 0, ∀𝑥

𝑃𝑋 −∞ = 0

𝑃𝑋 +∞ = 1

න

−∞

+∞

𝑝𝑋 𝑥 𝑑𝑥 = 1

prob 𝑎 ≤ 𝑋 ≤ 𝑏 = prob 𝑎 < 𝑋 ≤ 𝑏 = prob 𝑎 ≤ 𝑋 < 𝑏 prob 𝑎 < 𝑋 < 𝑏

prob 𝑎 ≤ 𝑋 ≤ 𝑏 = න

𝑎

𝑏

𝑝𝑋 𝑡 𝑑𝑡 = 𝑃𝑋 𝑏 − 𝑃𝑋 𝑎

prob 𝑋 = 𝑐 = න

𝑐

𝑐

𝑝𝑋 𝑡 𝑑𝑡 = 𝑃𝑋 𝑐 − 𝑃𝑋 𝑐 = 0



▪ Below is the pdf of a random variable 𝑋

• Draw the pdf
• Show that prob 0 < 𝑋 < 2 = 1

• Find prob 𝑋 < 1.5 = 𝑃𝑋 1.5

• Find prob 0.5 < 𝑋 < 1.5
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Example #1

𝑝𝑋 𝑥 = ቐ
Τ𝑥 2 if 0 < 𝑥 < 2

0 else

Example_#1_Random_Variables.pdf



▪ Annual series of maximum daily rainfall at an ARR (Automatic Rainfall 
Recorder), 𝐻 mm, shows that its pdf can be expressed as follow

• Draw the pdf
• Find and draw the cdf
• Find prob 40 mm < 𝐻 < 60 mm
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Example #2

𝑝𝐻 ℎ =

1

75
if 0 < ℎ < 50

1

3750
100 − ℎ if 50 < ℎ < 100

0 else

Example_#2_Random_Variables.pdf
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Variables

Random Variables



▪ The previous section discusses univariate distributions
▪ There exists bivariate distributions

• We calculate the joint probabilities when we study the behavior of 
bivariate distributions

• Joint probabilities ⟶ joint pdf
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Bivariate distributions



▪ Joint distributions
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Bivariate distributions

pdf

cdf

𝑝𝑋,𝑌 𝑥, 𝑦 =
𝜕

𝜕𝑥𝜕𝑦
𝑃𝑋,𝑌 𝑥, 𝑦  

𝑃𝑋,𝑌 𝑥, 𝑦 = prob 𝑋 < 𝑥 ∧ 𝑌 < 𝑦  

= ඵ

−∞

+∞

𝑝𝑋,𝑌 𝑠, 𝑡 𝑑𝑡𝑑𝑠



▪ Some properties of bivariate distribution
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Bivariate distributions

cdf of random variable X (univariate)

cdf of random variable Y (univariate)

𝑃𝑋,𝑌 𝑥, ∞

𝑃𝑋,𝑌 ∞, 𝑦

𝑃𝑋,𝑌 𝑥, 𝑦 > 0

𝑃𝑋,𝑌 +∞, +∞ = 1

𝑃𝑋,𝑌 −∞, 𝑦 = 𝑃𝑋,𝑌 𝑥, −∞ = 0



▪ Two random variables 𝑋 and 𝑌
• The behavior of 𝑋 without considering 𝑌
• Marginal density (pdf) and cumulative marginal distribution (cdf)

Marginal distributions

pdf cdf
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𝑝𝑋,𝑌 𝑥, 𝑦 ⟶ 𝑝𝑋 𝑥 𝑃𝑋,𝑌 𝑥, 𝑦 ⟶ 𝑃𝑋 𝑥

𝑝𝑋 𝑥 = න

−∞

+∞

𝑝𝑋,𝑌 𝑥, 𝑡 𝑑𝑡

𝑃𝑋 𝑥 = 𝑃𝑋 𝑥, ∞

= න

−∞

𝑥

න

−∞

+∞

𝑝𝑋,𝑌 𝑠, 𝑡 𝑑𝑡𝑑𝑠 = න

−∞

𝑥

𝑝𝑋 𝑠 𝑑𝑠

= prob 𝑋 < 𝑥 ∧ 𝑌 < +∞ = prob 𝑋 < 𝑥



▪ Two random variables 𝑋 and 𝑌
• The behavior of 𝑌 without considering 𝑋

Marginal distributions

pdf cdf
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𝑝𝑋,𝑌 𝑥, 𝑦 ⟶ 𝑝𝑌 𝑦 𝑃𝑋,𝑌 𝑥, 𝑦 ⟶ 𝑃𝑌 𝑦

𝑝𝑌 𝑦 = න

−∞

+∞

𝑝𝑋,𝑌 𝑠, 𝑦 𝑑𝑠

𝑃𝑌 𝑦 = 𝑃𝑌 ∞, 𝑦

= න

−∞

+∞

න

−∞

𝑦

𝑝𝑋,𝑌 𝑠, 𝑡 𝑑𝑡𝑑𝑠 = න

−∞

𝑦

𝑝𝑌 𝑡 𝑑𝑡

= prob 𝑋 < +∞ ∧ 𝑌 < 𝑦 = prob 𝑌 < 𝑦



▪ Two random variables 𝑋 and 𝑌
• The behavior of 𝑋, which depends on 𝑌

• The distribution of 𝑋 for 𝑌 = 𝑦0

• The distribution of 𝑌 for 𝑥1 < 𝑋 < 𝑥2
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Conditional Distributions

𝑝𝑋 𝑥𝑖 𝑦 ∈ 𝑆 =
𝑆

𝑝𝑋,𝑌 𝑥, 𝑡 𝑑𝑡

𝑆
𝑝𝑌 𝑡 𝑑𝑡



Conditional probability
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𝑝𝑋 𝑥𝑖 𝑦 ∈ 𝑆 =
𝑆

𝑝𝑋,𝑌 𝑥, 𝑡 𝑑𝑡

𝑆
𝑝𝑌 𝑡 𝑑𝑡

prob 𝑥 ∈ 𝑅 𝑦 ∈ 𝑆 = න
𝑅

𝑝𝑋|𝑌 𝑥 𝑦 ∈ 𝑆 𝑑𝑥

𝑝𝑋|𝑌 𝑥 𝑦 = 𝑦0 =
𝑝𝑋|𝑌 𝑥, 𝑦0

𝑝𝑌 𝑦0

𝑝𝑋|𝑌 𝑥 𝑦 =
𝑝𝑋|𝑌 𝑥, 𝑦

𝑝𝑌 𝑦

more readable



▪ Two random variables 𝑋 and 𝑌
• 𝑋 and 𝑌 are independent if

• 𝑝𝑋|𝑌 𝑥 𝑦  is not a function of 𝑦

• 𝑝𝑋|𝑌 𝑥 𝑦 = 𝑝𝑋 𝑥

• Joint probabilities
• Multiplication of two marginal densities
• 𝑝𝑋,𝑌 𝑥, 𝑦 = 𝑝𝑋 𝑥 ∙ 𝑝𝑌 𝑦
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Independence



Air temperature, 𝑻°C

22—24 24—26 26—28 28—30 30—32 32—34

A
ir

 h
um

id
it

y,
 𝑯

%

0—20 2 4 6 2 2 1

20—40 4 8 12 30 6 9

40—60 5 15 30 60 30 20

60—80 3 7 9 25 17 11

80—100 1 0 2 12 8 3
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Example



▪ From the data, find
• joint pdf
• marginal pdf and cdf of the air temperature
• marginal pdf and cdf of the air humidity
• probability of air temperature be in the range of 28°C to 30°C
• probability of air temperature be in the range of 28°C to 30°C when 

the air humidity is in the range of 60% to 80%

Example
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Statistics and Probability
Random Variables
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