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Confidence intervals

" Estimate on parameters

* Probability distribution has a number of parameters, which are
mostly unknown.

Statistics and Probability

* Theirvalues are estimated based on values obtained from
samples.
* Estimates
* point estimates
* confidence intervals
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Confidence intervals

" Examples of point estimates
* Mean of sample as an estimate of population mean

Statistics and Probability

X->u

* Standard deviation of sample as an estimate of standard deviation
of the population

Sy >0
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Confidence intervals

® Estimate on parameter 6
* -0

Statistics and Probability

l \’
parameter
estimate

* Find aninterval [L,U] such that the probability that this interval
contains B is (1 — a)
* prob(L<<U)=1—-a
* L andU are both random variables
e L lower confidence limit
e L upper confidence limit
* 1 —a confidence level
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Statistics and Probability
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Confidence intervals

" Example
* Records on discharge at River Afrom 1981 to 2000 indicate that the
average discharge at this river is 77 m3/s.
* We may assume that the average discharge at River Ais 77 m3/s.

* We realize that the above estimate might be wrong; moreover, we
know that from probability theory point of view, the probability of
discharge equal to 77 m3/s is nearly impossible.

B prob(Q =77 m3/s) =0



Lower and upper confidence limits

" Method of pivotal quantities: Ostle method

* Finding arandom variable V that is a function of the parameter 6 but
whose distribution does not involve any other unknown parameters.

* Determine v; and v, such that

Statistics and Probability

prob(v; < V<vy,)=1—a

* The above equation is then changed into the following form

prob(L<f8<U)=1—a«a
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where L and U are random variables and function of VV, but they are not
function of 6




Confidence interval: mean of a normal distribution

" |ooking for aninterval of [L, U] that contains u with the probability of

(1-a)

prob(L<u<U)=1-a

Statistics and Probability

® Arandom variable V is defined as follow

X —
V= .

Sx
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* 1 has atdistribution with (n — a) degrees of freedom

* nisthe sample size (humber of observations) used to estimate the sample
mean X
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Statistics and Probability

2
9]
o
£
a0
=}

y—

Y—
@©
+—
2
O
+—
_
®©
=
&
-~
3
(2]}
o
-
—
e

prob(v; <V <wv,) =1—a = prob <v1 <

a, +ap, =«
prob(t < vy) = a,

prob(t > v,) =

with (n — 1) degrees of freedom

4

/ \ area = ay

area=aqg, pdf of t distribution

= Table of t distribution
®» Functions in Microsoft Excel



X —

X

prob(v1< 'u<v2>=1—a

X—u

SX

prob (taa,n—l < < tl—a;,,n—l) =1—-a«a

Statistics and Probability

prob(X + tg n-1-Sg<u <X+ti_gn1:Sg)=1—«a

\ J \ }
| !

lower limit upper limit

Confidence limits

€=X+taa,n—1'5)? } sx = sx/Vn

n = X + tl—ab,n—l ' S)?
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table of t distribution
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" Ifitis desired that the confidence interval be symmetrical in
probability

* v, and v, can be chosen such that the probability that a random tis
less than v, equals the probability that a random t exceeds v,

Statistics and Probability

* Since the probability is symmetrical, thus a, = a, = a/2
* We lookfor (1 —a) =100(1 — @)% confidence interval, thus
prob(t < v;) = a/2 = prob(t > v,)

area=a/2

area=1—«
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t, is value of t such that ta/2n-1 = —li-a/2n-1 t1—-a/2,n-1
prob(T <t,) =« pdf of t distribution

RN
o




Statistics and Probability
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t distribution

degrees of freedom n -1

area=a/2 area=a/2

area=1—a/2

area=1—a/2

ba/2 = —ti-a/2 ﬂ ti—a/2

area=a/2

area=1—a/2 area=a/2

ta/2 = —ti—a/2 t1—a/2



Statistics and Probability
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" The confidence limits when the probability of the
confidence interval is symmetrical are

=X —t1—a/2n-1"5%

U=X+1t_g/2n-1"5%

— Sy — Sy
. prob| X +ty n1—=<uU<X+ti_oqn1—=|]=1—-«a

Vn Vn
. b(X—t Xocp<X+t X)o1-
pro 1-2n-1 5 1-n-1./7 )~ a



" |fitis desired that the confidence interval be one-sided in probability:
* lowerlimit > prob(t <v;) =«
e upperlimit> prob(t >v;) =a

Statistics and Probability

prob(t > v;) =1 — a = prob

prob(t<vy,)=1—a= prob(

area=a area=a
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t distribution

® Functions in Microsoft Excel
e =T.DIST(...)
e =T.DIST.2T{(...)
e =T.DIST.2R(...)
o =T.INV(...)
o =T.INV.2T(...)

Statistics and Probability
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Confidence interval: mean of a normal distribution, known o2

" |fthe population variance of the normal distribution is
known (itis a rare cases)
* The random variable Vis defined as follow

Statistics and Probability

V = H og = ox/\n I is normally distributed

* The confidence interval (symmetrical)
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Statistics and Probability
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Confidence interval: mean of a normal distribution, known o2

" Confidence limits " Symmetrical confidence
limits
_ Oy = Ox
€:X+Zaa\/_ﬁ sz_Zl—a/Z\/_ﬁ
— o — o)
’l/L=X+Zl_ab_X ’M«=X+Z1_a/2_X
n Vn



Confidence interval variance of a normal distribution

= Looking for aninterval of [L, U] that contains a2 with the probability of

(1-a)

prob(v; < o2 <v,)=1—a

Statistics and Probability

® Arandom variable V is defined as follow

_ (n — 1)sx?
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* 1 has achi-square distribution with (n — 1) degrees of freedom
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Confidence interval variance of a normal distribution

prob(v; <V <v,)=1—a

n— 1)sy?
prob v1<( )Sx <1 |=1—-a«a
O-Xz

Statistics and Probability
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Uy = Xl—a/z,n—l

n—1)sx?
suchthat prob (Xczr/z,n—l < ( 2) X < X%—a/Z,n—l) =1-a

Ox
n —1)sy? n —1)sy?
or prob<( )Sx <0X2<(2 )X>=1—a
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Confidence interval variance of a normal distribution

" The lower and upper limits of the confidence interval containing the
variance of normal distribution is
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* X isnormally distributed and y? is chi-squarely distributed




Confidence interval variance of a normal distribution

" The chi-square distribution is not symmetrical, thus

Statistics and Probability

Sy? — € # 1w — sy?
" Forlarge sample size, the chi-square distribution approaches a
symmetrical distribution
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Chi-square distribution

® Functions in Microsoft Excel
e =CHISQ.DIST(...)
* =CHISQ.DIST.RT(...)
e =CHISQ.INV(...)
e =CHISQ.INV.RT(...)

Statistics and Probability
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Statistics and Probability
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Statistics and Probability

Confidence Intervals
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