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Distribusi
Probabilitas Kontinu
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Distribusi Probabilitas Kontinu

" Distribusi normal

" Distribusi seragam (uniform distributions)
" Distribusi eksponensial

" Distribusi gamma

" Distribusi log normal

" Distribusi nilai ekstrem (extreme value distributions)
* Extreme Value Type |
* Extreme Value Type Il Minimum (Weibull)

® Distribusi beta
® Distribusi Pearson

Statistika Teknik
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Distribusi Normal

Statistika Teknik

File: STO5 Distribusi Normal
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Statistika Teknik
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Distribusi Seragam

px(X)A
a b
df x) = — <x<
p pX _'B_al a—x—ﬂ
cdf PX(X)=;:Z, a<x<p

rerata E(X) = %(,8 + a)

1
varians var(X) = B (B — a)?



Distribusi Eksponensial

G px(x)}

g Skewness coefficient:

& cs = 2 konstan
Parameter A:

© ~ 1 . .

° A== estimasi

E X

& X

e

S X) = le ™™

X
cdf Px(X) = j/’le_’udt =1l—e™™ x>0
0

)




Distribusi Gamma

" Penjumlahan sejumlah n variabel random berdistribusi eksponensial,
masing-masing berparameter A, menghasilkan variabel random
berdistribusi gamma dengan parameter A.
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ANy N1 e—/lx

g df X) = x,A,n>0

g p pX F(n) T]

=

£ X0 ¢ AN g2t

G cdf Py (X =j dt

£ X r(n)

s Ax)* .

: Pty =1— ey Py integer
i=0
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Statistika Teknik
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Distribusi Gamma

I'(n) = fungsi gamma

I'n) =@m—-1)! n=123,..
Fm+1) =nl) n>0

I'(n) = j tn=ledt 1 >0
0
r(=r@2)=1

M(z) =vm

Mean:

B =7

Variance:

var(X) = %

Skewness coefficient:

=7



Statistika Teknik
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Distribusi Gamma

N
pxix) n = konstan
M
Ay < Ay
A3 <A, <4
, X
px(x) = o) Mx1=le=  x 4,n>0



Statistika Teknik
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Distribusi Log Normal

®  Variabel random X

* Jika disusun dari penjumlahan sejumlah pengaruh variabel kecil, maka
X kemungkinan besar berdistribusi normal.

* Jika disusun dari perkalian sejumlah pengaruh variabel kecil, maka In X
kemungkinan besar berdistribusi normal.

X=X +X,++X, N X; berdistribusi normal
X berdistribusi normal
X=X1-Xy .- Xy > X; berdistribusi normal

InX=InX;+InX, + - +1InX, In X berdistribusi normal



Distribusi Log Normal

Y=InX
Y, =InkX; Y=Y+Y,+--+Y, L berdistribusi normal
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1 Lo

py(y) = —G me (Y MY)Z/O'YZ, Coo <y < o0
T Y
§) Distribusi X?
£
- dy dy| 1
5 = — Y=lhhX=|—|=-,
g px(x) = py(y) [dx‘ nx = Tl = % x>0

1
1 e—g(ln X—py)?/oy?

(x) = ) x>0
Px XoyV2m

=
o




Distribusi Log Normal

Estimasi p, dan o,

py =Y
O-Y_)SY
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} Data x; ditransformasikan dulu menjadi y; = In x;

S .

S Cara lain:

£ _

2 _ X2

= Y==zIn

z 27\, + 1

3 Sx
S sy? =In(c,?2 + 1) Cy ==
2 X

c, koefisien variansi data asli

[
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Distribusi Log Normal

E * Rerata * Varians
5 1
&H E(X) = e(MY'l'EO'YZ) Var(X) — .qu (eo'YZ . 1)
e Koefisien variasi e Coefficient of skew
oy? 2 — 3
cv=(eY—1) Yy =3¢, + ¢y
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Distribusi Nilai Ekstrem

® Contoh nilai ekstrem
* Debit banjir

®* Debit minimum

Statistika Teknik

" Nilai-nilai ekstrem variabel random juga merupakan variabel
random.

" Distribusi variabel random nilai ekstrem tsb bergantung pada:

* distribusi variabel random tempat asal variabel nilai ekstrem tsb
diperoleh = parent distribution

S
O
0%
S
o
=

b
(4]
=
%
o
4+
—
im
4+
X

=
(%]
o

e
-

<

* jumlah/ukuran sampel
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Distribusi Nilai Ekstrem

® Contoh
® Variabel random

X = Xl,Xz, ...,Xn

Statistika Teknik

* Ynilai ekstrem variabel random tersebut

Py(y) = prob(Y < y)
Py (x) = prob(X; < x)
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P,(y) = prob(Y <'y) = prob(semua Y yang lebih kecil daripada y)

=
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Distribusi Nilai Ekstrem

maka:
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Py(y) = Px,(y) - Px,(y) - ...- Px,(¥)

. = (1"
dP

1 ro=2

z dP
=l LY
g = nlPy ()] px ()

=
(9




Distribusi Nilai Ekstrem

® Contoh

* Waktu antara 2 hujan berurutan berdistribusi eksponensial.

Statistika Teknik

* Waktu rata-rata antara 2 hujan =4 hari
* Waktu antara tsb merupakan kejadian independent satu dengan yang
lain
® Dicari:
* waktu antara terbesar, misal probabilitas waktu antara tsb lebih besar
daripada 8 hari.
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Distribusi Nilai Ekstrem

" Ditinjau 10 kejadian hujan

Statistika Teknik

h h h h h h h h h h

X, X, X3 X4 Xs Xg X; Xg Xy 2 n=9

Distribusi Eksponensial:

py(x) = e, x>01>0
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Py(x) =1—e x>0

1 ~ 1
e -1 = — = =
EX) =2 :A_E(X) A 7
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Distribusi Nilai Ekstrem

P (x) = Ze_zx
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P, (8) = prob(Y < 8) = prob(semua x < 8)

=k (8)

prob(Y > 8) =1-0.271
=0.729

=
(0 0]




Distribusi Nilai Ekstrem

® Permasalahan yang sering ditemui adalah bahwa jenis parent
distribution tidak diketahui.

" Hal ini diatasi dengan
® ukuran sampel cukup besar, n >>
* pemakaian distribusi asimtotis
* dikenal tiga jenis distribusi asimtotis

* Type | — parent distribution unbounded in direction of the desired extreme
and all moments of the distribution exist (exponential type distributions)

* Type ll — parent distribution unbounded in direction of the desired extreme
and all moments of the distribution do not exist (Cauchy type distributions)

* Type lll — parent distribution bounded in the direction of the desired
extreme (limited distributions)

Statistika Teknik
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Distribusi Nilai Ekstrem

* Permasalahan yang menjadi interest umumnya menyangkut nilai-nilai
ekstrem maximum atau extrem minimum.

Statistika Teknik

* Beberapa contoh parent distributions
e Type | — extreme value largest — normal, lognormal, eksponential, gamma
e Type | — extreme value smallest — normal
* Type ll — extreme value largest or smallest — distribusi Cauchy
e Type lll — extreme value largest — distribusi beta
* Type lll — extreme value smallest — beta, lognormal, gamma, eksponential
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Distribusi Nilai Ekstrem

" Permasalahan di bidang hidrologi

* Type |l — extreme value largest or smallest

Statistika Teknik

* jarang dijumpai/dipakai
* Type | —extreme value largest

* nilai ekstrem maksimum sering mengikuti distribusi jenis ini mengingat
banyak variabel hidrologi unbounded di sisi kanan

* Type lll — extreme value smallest

* nilai ekstrem minimum sering mengikuti distribusi jenis ini mengingat
banyak variabel hidrologi bounded di sisi kiri oleh nilai nol
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Type | Extreme Value Distribution
(Distribusi Gumbel)

o L SREGmpaepFa P/

@ —0 < B < 400
a>0

Statistika Teknik

— untuk nilai maksimum
+ untuk nilai minimum
o = skala

B = lokasi = mode
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Type | Extreme Value Distribution
(Distribusi Gumbel)

Statistika Teknik

E(X) =B+ 0.577a (maksimum)
= —0577a (minimum)

var(X) = 1.645a? (maksimum/minimum)

y = 1.1396 (maksimum)
= —1.1396 (minimum)
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Type | Extreme Value Distribution
(Distribusi Gumbel)

* Dengan memakai transformasi

Statistika Teknik

x—p

a

py(y) = exp[+y —exp(+y)] Y =

— untuk nilai maksimum
+ untuk nilai minimum
+ 0o

P, (y) = f exp[Ft —exp(Ft)]dt —oo<y< 4o

— 00
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= exp[—exp(—y)] (maksimum)
Pmin®@) =1 = Pmax(—y)

N
B

=1 —exp[—exp(y)] (minimum)




Type | Extreme Value Distribution
(Distribusi Gumbel)

* Estimasi parameter a dan 3

Statistika Teknik

S
1.283

a

B =X-045s  (maksimum)

=X +0.45s  (minimum)
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Type Il Extreme Value Distribution

_§ px(x) =0 jikax< k>0 — bentuk

z 5 K u—pf >0 — skala

z — Y jika x > —  lokasi
exp (x — ﬁ> j B p

200 = + - pr(1- )

Var(X):(u—ﬁ)le(l—%>—F2<1—%>] k> 2
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Type Il Extreme (Minimum) Value Distribution
(Distribusi Weibull)

2
py(x) = ax* 1% exp [— <—> ] x>0

2
Py(x) =1—exp [— <%) ‘
E(X) = ,8F<1 + l) var(X) = p? [F <1 + E) — T2 (1 + l)]
o a a

3 2 1 3 1
F(l +a)—3r(1 -I-E)F(l +a)+2[‘ <1+a)

g (]

Statistika Teknik
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Type Il Extreme (Minimum) Value Distribution
(Distribusi Weibull)

.AE‘
&
7 Estimates: A=p"“
& ; n
i=1%i
~ n
a =
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Extreme Value Distributions

" Silakan baca diskusi pada him. 118 (Haan, 1982)

Statistika Teknik
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Distribusi Beta

e Distribusi yang memiliki batas atas dan batas bawah

Statistika Teknik

xa—l(l _ x)ﬁ’—l
Bla,p)

px(x) = 0<x<1, a,f >0

1
Beta function: B(a, ) = Jx“‘l(l — x)P1dx
0

_ T(a)T(B)
T(a+p)
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E(X) = a j'I(— 15
var(X) = ap

(a+ B+ 1)(a+ p)>

w
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Pearson Type Il Distribution

X a/5
px(x) = pg (1 + E) e */0

Statistika Teknik

e modedi x=0
e batas bawah di x=-a

* Dengan transformasi (translasi) sehingga:

e modedi x=a
e batas bawahdi x=0
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Distribusi Probabilitas Kontinu

Distribusi chi-kuadrat
Distribusi t
Distribusi F




Distribusi Chi-kuadrat

§ X—u variabel random berdistribusi normal
& n berdistribusi chi-kuadrat dengan n degrees of freedom
Y = z Ziz
i=1

Distribusi chi-kuadrat = distribusi gamma dengan 1 = 1/, dan n = kelipatan 1/,

x—(l—v/z)e—x/z

Px ) ="/

x,v>0,v=2n
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E(x2)=v var(x?) = 2v, V=X
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Distribusi t

Y = normal baku
U = chi-kuadrat

Vv
X = Y\/_ﬁ - berdistribusi t dengan v degrees of freedom

Y dan U independent
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2 © [z(v + D](1 + ¢%/n) 2 e tmrs
g — ) — 00 OO"V

g Pr Vv T(v/2)

g E(T) =0 var(T) = — untuk v > 2
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Distribusi F

U = chi-square dengan v = m degrees of freedom
q san v J i U dan Vindependent

V = chi-square dengan y = n degrees of freedom

Statistika Teknik

maka:

U\/(V
X = (E) <£) —> berdistribusi F dengan y, = m dan y, = n degrees of freedom

F[ (V1+V2) Y1/2 Yz/zfz(h 2)]
pF(f)_ ) V1,]/2>0

(y2 + V1f)§(Y1+yz)F(V1/2)F(V2/2)
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1£1 Y22 (y1 + 2)
var(F) =
Y2 — 2 Yilya —2)(y, — 4)

E(F) =
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Terima kasih
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