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Needs
§ Engineers (hydraulics, hydrology) are frequently required to 

derive design values on hydrologic events, such as flow 
discharge or rainfall depth (precipitation)
• Statistical method applied to time series data is a common practice

• Fit those data to theoretical probability distributions
• Use cumulative distribution function of the selected probability 

distribution to predict magnitude of hydrologic events
• Define the design value(s) based on the magnitude of hydrologic event 

having particular probability of occurence

this method is known as frequency analysis
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Frequency Analysis
Time series (annual or partial time series of 
hydrologic event data)

Fitting of the time series to theoretical 
distributions

Predicting probability of occurrence of the 
hydrologic events

Define design values of the hydrologic events
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Probability Distributions
§ The theoretical probability distributions
• their pdf and cdf have complex expression so that they are not readily 

solvable
• graphical method is a practical solution to fit data to the theoretical 

distributions

Ven te Chow et al. (1988) 
developed a 
transformation coordinate  
such that the cdf of a 
theoretical distribution 
shows as a straight line

fitting data to 
theoretical distribution 

and
predicting probability 
of occurrence can be 

easily carried out

St
at

ist
ik

a 
Te

kn
ik

ht
tp

s:
//

ist
ia

rt
o.

st
af

f.u
gm

.a
c.

id

7



Transformed probability coordinate
§ Chow et al. (1988)

• yT is the hydrologic magnitude at T-year return period, 
• y is the average value of the data, 
• KT is a frequency factor, and 
• s is the standard deviation of the data.

!yT = y +KT ⋅ s
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Transformed probability coordinate
§ Chow et al. (1988)

!yT = y +KT ⋅ s

!

y
s

constant plot of  (yT vs KT)  is a straight line

defined by data

!!
prob Y < yT( ) =1− 1T ⇔ T = 1

1−prob Y < yT( )

KT is function of T and distribution
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Normal Distribution

yT yT

T or  prob(Y < yT) KT
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Normal Distribution
!KT = z

!!
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ln 1
p2
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z=w− 2.515517+0.802853w+0.010328w2

1+1.432788w+0.189269w2 +0.001308w3
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Probability Paper
§ Nowadays
• Frequency analysis can easily be carried out by spreadsheet computer 

application
• Unfortunately, spreadsheet cannot provide data plot the way probability 

paper does
• Most of frequency analysis application program do not provide data plot 

at all
• Lost of insight into data pattern (distribution)
• Lost of ‘physical’ meaning of the computed values
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Probability Paper
§ In the past
• Probability papers were available in the market 

• Normal, Log Normal, Gumbel distributions
• Not available for Log Pearson Type III since KT changes with data

– Log Pearson Type III was plotted on Log Normal paper
– It shows as a curve, not a straight line

• Data were manually plotted on the paper
• Scatter data plot and theoretical line give good insight into the 

distribution of the data
• Fitting the data to the theoretical line can easily be performed
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Probability Paper
§ Nowadays
• There is no (or at least difficult to find) computer application on 

frequency analysis having data plot capability
• Commercial application program may exist (?)
• Practising engineers and students might be not able to afford for 

commercial application program

Need for frequency analysis application program, 
which is a free-ware and capable to produce graphical 
plot of the data on probability paper
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Probability Paper
§ AProb_4E
• A computer application on frequency analysis that has data plotting 

capability
• Can be freely downloaded from website

https://istiarto.staff.ugm.ac.id/
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Gumbel probability paper
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Normal probability paper
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Example of frequency 
analysis performed by using 
spreadsheet 
application/computer 
program
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Example of frequency analysis performed by using spreadsheet 
application/computer program
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AProb_4E
§ Plotting position of data values on probability paper

• m is the rank of the data being sorted in ascending order
• n is the number of data

§ This is known as Weibull formula of plotting time series data

!!
prob Y < ym( ) = m

n+1
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AProb_4E
§ Confidence interval (1 – α)
• An interval within which the true value (which is unkonwn) can 

reasonably be expected to lie.
• The size of the interval depends on the confidence level (1 – α)

§ The estimate of event value for a particular return period, yT
• An upper and lower limits are specified by adjustment of KT

!!
UT ,α =Y + sy ⋅KT ,α

U

!!
LT ,α =Y + sy ⋅KT ,α

L

upper and lower confidence limit factors
for normally distributed data; these are 
determined using the noncentral t distribution 
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AProb_4E
§ Goodness of fit test

• Smirnov-Kolmogorov test
• Chi-square test

• Both tests are applied with confidence level of (1 – α) = 0.90
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Goodness of Fit Test

§ Smirnov-Kolmogorov Test

!!
Δmax =max prob(Y < y)−prob(Y < y) à rejected if Δ!"# < 𝐷$

Dc is critical value according to the 
Smirnov-Kolmogorov table

• according to the observed data

• according to the distribution being tested
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Goodness of Fit Test
§ Chi-square Test

!!
χc
2 =

Oi −Ei
Ei

#

$
%%

&

'
((

i=1

k

∑

Oi the observed relative frequency in the ith class interval
Ei the expected relative frequency, according to the distribution being 

tested, in the ith class interval
k the number of class intervals

!!
χc
2 > χ1−α 2,k−p−1

2
à rejected if

p is the number of parameters 
estimated from the data
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Goodness of Fit Test
§ Chi-square Test

à rejected if

p is the number of parameters 
estimated from the data

k is the number of class intervals

𝜒!" =#
#$%

&
𝑛 𝑓' 𝑥# − 𝑝 𝑥# "

𝑝 𝑥#
𝜒!" > 𝜒%( ⁄* ",&(,(%

"

observed relative frequency 

theroretical probability according to distribution being tested
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AProb_4E
§ Improvement
• Feature that will be added: test for outliers

!

yH =Y +Kn ⋅ sY
yL =Y −Kn ⋅ sY

high and low outlier 
thresholds 

in log unit if logarithms of the data are greater than yH 
or less than yL à they are considered as 
outliers
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Outliers
§ Transformasikan data debit ke data logaritma debit, y = log x
§ Jika nilai logaritma debit banjir maksimum dalam sampel 

melampaui yH, maka debit itu adalah outlier
• Bandingkan debit banjir itu dengan data banjir historis dan informasi 

banjir di lokasi sekitar
• Jika ada catatan yang menunjukkan bahwa debit outlier tsb adalah debit 

maksimum dalam periode yang panjang, maka debit outlier tsb 
dimasukkan sbg catatan historis banjir dan dikeluarkan dari analisis 
frekuensi

• Jika tidak ada informasi banjir di lokasi sekitar, maka debit outlier tsb 
tetap diikutkan dalam analisis frekuensi.
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Outliers
§ Transformasikan data debit ke data logaritma debit, y = log x
§ Jika nilai logaritma debit banjir dalam sampel lebih kecil 

daripada yL, maka debit itu adalah outlier
• Debit oulier itu dikeluarkan dari analisis frekuensi
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